Abstract. We introduce and study a new class of dynamical systems, the projective billiards, associated with a smooth closed convex plane curve equipped with a smooth field of transverse directions. Projective billiards include the usual billiards along with the dual, or outer, billiards.
Introduction and main results
Given a closed smooth convex plane curve γ , the (usual) billiard transformation is a transformation of the set of oriented lines (or rays) intersecting γ which is defined by the law of geometrical optics: the angle of incidence equals that of reflection-see Figure 1 . One also defines the billiard flow on the set of tangent vectors to the plane with footpoints inside γ : a vector moves freely along a straight line until it hits the curve; then it instantaneously changes according to the same law of equal angles, and the motion continues-see Figure 1 again. The billiard dynamics is a much studied subject, rich with beautiful results-see, for example, the surveys [ChGZ, T1] .
The billiard transformation is defined in metric terms (equal angles), and, in particular, it is not equivariant under projective transformations of the plane. Here we start the study of a wider class of billiards called projective billiards, free from this shortcoming. The way we see the relation between the projective billiards and the usual ones is expressed by the following 'equation':
Usual Billiards Projective Billiards
= Euclidean Geometry Projective Geometry .
To define projective billiards we need an extra structure on the billiard curve. Let γ be a closed smooth strictly convex plane curve equipped with a smooth field of transverse directions n. Define the projective billiard transformation T of the set of rays intersecting γ . Let an incoming ray r meet γ at point X; then r, the tangent line to γ at X, the outgoing ray T (r) and the transverse line n at X constitute a harmonic quadruple of lines-see Figure 2 . A harmonic quadruple of lines are four lines whose cross-ratio equals −1. The crossratio of four lines through a point is the only projective invariant of such lines; it is defined as the cross-ratio of their four intersection points with a fifth line (and does not depend on the choice of this auxiliary line)-see Figure 3 . In particular, a ray tangent to γ remains intact, while a ray, whose direction is that of the transversal at its intersection point with γ , changes its direction under the projective billiard transformation.
By the very definition, the projective billiard transformation T is equivariant under projective transformations of the plane. Namely, if A is such a transformation and T is the projective billiard transformation, associated with the curve A(γ ) equipped with the field A(n),
If the transverse field consists of normals to γ then the incoming and outgoing rays make equal angles with γ (to see this, let the auxiliary line be parallel to the tangent line of γ ; then the fourth point of intersection with this line goes to infinity, and the second one must bisect the segment made by the first and the third-see Figure 4 ). Thus the billiard transformation is a particular case of the projective billiard one.
We also define the projective billiard flow on the set of tangent vectors to the plane with footpoints inside γ . Again, a vector u moves freely until it hits γ at point X. There u is decomposed into the tangential and transverse components (using the transversal to γ at X), and u is instantaneously replaced by a new vector v with the same tangential and the opposite transverse components. After this the motion continues as before-see Figure 5 .
This definition agrees with the previous one: if r and R are the rays generated by u and v, then T (r) = R (to see this, consider the auxiliary line parallel to the transverse direction in Figure 5 ). Let L 2 be the set of rays intersecting γ , and let M 3 be the set of inward vectors with footpoints on γ . Then L is diffeomorphic to an annulus, and M has a natural projection π to L: a vector goes to the ray it generates. We thus have defined 
What makes the study of (usual) billiards fruitful and interesting is the existence of an area form in the set of rays L invariant under the billiard transformation. This is the unique, up to a constant factor, form in the set of rays invariant under the motions of the Euclidean plane. It is convenient to introduce coordinates in L: the angle parameter α is the angle made by a ray with a fixed direction, and the real parameter p is the signed distance from an origin to the ray-see Figure 6 . Then the invariant form is dp ∧ dα. One of the most interesting problems on projective billiards is when the projective billiard transformation T : L → L has an invariant form. We want this form to exist at least in a vicinity of the boundary, i.e. on the set of rays that make small angles with γ , and to be smooth up to the boundary. Our first result provides a criterion for the existence of such a form. 
If the section exists then the invariant form is given by the formula |i(α, p)| 3 dα ∧ dp.
An obvious example in which such a section exists is that of the usual billiard
Introducing projective billiards 961 transformation: i sends an oriented line to its unit tangent vector at its first point of intersection with the curve. Note that the invariant form for the usual billiard transformation can be obtained from the canonical symplectic form in the cotangent bundle of the billiard table by symplectic reduction, i.e. by first restricting the symplectic form to the hypersurface of unit covectors, and then descending to its quotient space of oriented lines (see, for example, [A, T1] ). It would be very interesting to understand the symplectic meaning of Theorem A.
Call a transverse field along γ conservative if there exists a parametrization γ (t) such that the transverse direction at every point γ (t) is that of the acceleration vector γ (t) (primes denote derivatives with respect to t). The normals to γ is a particular case, the parametrization being by arc length.
The next result gives a necessary condition for the existence of a T -invariant area form. We do not know how far this condition is from being sufficient for the existence of an invariant form at a vicinity of a boundary component of the phase annulus. Our conjecture is that if the transverse field is conservative then an invariant form exists on the formal level, that is, there exists a formal series for it along γ . However this series may diverge.
We also make two observations concerning conservative transversals-see Figure 7 . As another indication that conservative transverse fields are a reasonable object of study, we mention a generalization of the classical 4-vertex theorem found in [T2] : if the lines of a conservative transverse field along a convex curve γ always revolve in the same sense then the envelope of these lines has at least four cusp singularities (the usual 4-vertex theorem being the case of the normals). It is also worth mentioning that the property of a transverse field to be conservative is projectively-invariant: a projective transformation A takes a conservative field n along γ to the conservative field A(n) along A(γ )-see [T6] .
Next we study a particular case of projective billiards, the centrally-projective ones. In centrally-projective billiards the transverse field consists of lines through a point inside the billiard curve γ ; this point is chosen as the origin-see Figure 8 . Such a field is conservative. 
THEOREM D. The centrally-projective billiard transformation has an invariant area form p
−3 dα ∧ dp that blows up at the set of rays through the origin.
We find a generating function for the centrally-projective billiard transformation in Theorem 5.1 and discuss some unusual properties of the geometrical optics in the 'centrally-projective world' in Theorem 5.2. We also show that this transformation is conjugate to the dual (or outer) billiard transformation by polar duality (see [B, GK, T1, T3, T4] concerning dual billiards).
A particular class of projective billiards which possess invariant area forms was suggested to the author by E. Gutkin. Consider a metric in a plane domain, that contains the curve γ , whose non-parametrized geodesics are straight lines (such a metric is called projectively equivalent to the Euclidean one). Then the (usual) billiard flow in this metric, i.e. the geodesic flow inside γ , induces the billiard transformation of the set of rays, intersecting γ . This transformation has an invariant form that comes from the symplectic form in the cotangent bundle of the billiard table. The transformation in question is a projective billiard transformation, the transversals being the normals to γ in the metric under consideration.
Here are two examples of this construction. Let S be the upper unit hemisphere in Euclidean 3-space with Cartesian coordinates x, y, z, and let H be the upper sheet of the hyperboloid z 2 − x 2 − y 2 = 1. Consider S in the metric induced by the Euclidean one and H in the one induced by dx 2 + dy 2 − dz 2 . Then S and H become surfaces of constant curvature, positive in the former and negative in the latter cases. The geodesics in S and H are the curves of intersection with the planes through the origin.
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Consider the plane z = 1 and project S or H on it from the origin-see Figure 9 . This projection takes geodesics to straight lines, so it defines the metrics of constant curvature in the plane projectively equivalent to the Euclidean one (the hyperboloid is projected into the unit circle). One may further apply projective transformations of the plane to these metrics to keep the geodesics straight, but that is as far as one can get. According to a Beltrami theorem a metric, projectively equivalent to a metric of constant curvature, has itself constant curvature (see [D] ). If another mapping from S or H is given to the plane that takes geodesics to straight lines then the composition of this mapping and the inverse of the above projection is a mapping of the plane which takes lines to lines. Such a mapping is a projective transformation.
Next we turn our attention to projective billiards in a circle. Let γ be a circle equipped with an arbitrary transverse field. We choose the origin at the center of the circle.
THEOREM E. The form (1 − p
2 ) −3/2 dα ∧ dp is invariant under every projective billiard transformation T in the unit circle.
This does not contradict Theorem B because this form blows up at the boundary p = ±1 of the phase annulus.
Suppose however that T has another invariant form, smooth up to the boundary. Then the quotient of the two is a T -invariant function whose level curves foliate a neighbourhood of the boundary of the phase annulus.
COROLLARY F. If a projective billiard transformation T in a circle has an invariant area form, smooth up to the boundary of the phase annulus, then T is integrable.
It is a challenging problem to describe all such cases. An example of this situation is given by the usual billiard in an ellipse; the billiard transformation has an invariant area form. Apply a projective transformation that takes the ellipse to a circle to obtain a projective billiard therein with an invariant measure smooth up to the boundary of the phase annulus. Likewise, one considers an ellipse in the plane with the spherical or the hyperbolic metric projectively equivalent to the Euclidean one (the corresponding curves in S and H are their intersections with quadratic cones). We obtain a new proof of a known result (see [V] ).
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COROLLARY G. The billiard transformation in an ellipse in the Euclidean, spherical and hyperbolic plane is integrable.
A consequence of this result is the classical Poncelet theorem of projective geometrysee [T5] .
Let us mention that projective billiards can be defined in the multi-dimensional setting as well: a closed convex hypersurface is equipped with a field of transverse directions; an incoming ray, the transversal and the outgoing ray lie in the same 2-plane and constitute a harmonic quadruple of lines therein with the tangent line to the hypersurface. We finish our discussion with a problem: are there multi-dimensional analogues of Theorem E and its corollaries †?
The contents of this paper are as follows. §2 provides some formulas to be used later. §3 contains the proofs of Theorems E and A, §4 those of Theorems C and B. The last section is a discussion of centrally-projective billiards, and Theorem D is proved there.
A few formulas
Consider the lines of a harmonic quadruple, and choose vectors along these lines-see Figure 10 . Denote by [a, b] the skew-product of two vectors, i.e. the determinant whose columns are the vectors. Let α, β and φ be the angles made by the lines of a harmonic quadruple-see Figure 11 .
Proof. Set in the previous lemma:
For later use we also formulate a property of the skew-product. 
Consider now a parametrized projective billiard curve γ ; we write γ (t) for the position vectors of its points and γ (t) for the tangent velocity vector at γ (t). Let the transverse directions at γ (t) be given by a smooth vector field n(t). A ray intersecting γ is parametrized by (t 1 , t 2 ) where γ (t 1 ) and γ (t 2 ) are its first and second intersection points with γ . Thus (t 1 , t 2 ) are coordinates in L. Consider an instance of the projective billiard reflection-see Figure 12 . The projective billiard transformation acts as follows:
According to Lemma 2.1
Take the exterior differential and wedge-multiply by dt 2 to obtain
Simplify the numerators using Lemma 2.3 and cancel the common nonzero factor [γ (t 2 ), n(t 2 )] to arrive at the following.
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LEMMA 2.4.
An invariant area form
Denote the 2-form from Lemma 2.4 by ω. Since T (t 1 , t 2 ) = (t 2 , t 3 ) we have
We look for a T -invariant form g(t 1 , t 2 )ω where g is a function. Thus we have the following.
LEMMA 3.1. A necessary and sufficient condition for T -invariance of the form gω is that the function g satisfies the equality
Consider, as an illustration, the case of the usual billiard. Parametrize γ by arc length. Then the right-hand side expression in Lemma 3.1 equals sin 3 α 3 / sin 3 α 2 -see Figure 13 .
Thus one may take g(t 1 , t 2 ) = sin 3 α 2 . In view of Lemma 3.1 we obtain an invariant
which can be rewritten as sin α 1 dt 1 ∧ dα 1 . This is the well-known invariant form of the billiard transformation. Consider next the case when γ is a unit circle. Parametrize it by the standard angle parameter t. Then the vector γ (t 3 ) − γ (t 2 ) makes equal angles with the vectors γ (t 2 ) Introducing projective billiards 967 FIGURE 13. and γ (t 3 ), and the right-hand side of the formula in Lemma 3.1 is equal to 1. Hence one may take g = 1. This gives an invariant form
Since γ (t) = (cos t, sin t) this form is equal to
(1 − cos(t 2 − t 1 ))
To obtain Theorem E one rewrites this form in coordinates α, p related to t 1 , t 2 by the formulas
See Figure 14 . Now we prove Theorem A. Assume first that there exists a section i :
is proportional to γ (t 2 ), i.e.
It follows that the right-hand side of the expression in Lemma 3.1 equals
One may, therefore, set
This yields an invariant form
It is a routine but rather tedious exercise to rewrite this form in coordinates α, p, and we omit it. The result, as stated in Theorem A, is
where (α, p) are the coordinates of the ray from γ (t 1 ) to γ (t 2 ). Conversely, if an invariant form exists one has a function g(t 1 , t 2 ) satisfying the equality from Lemma 3.1. Define the section i : L → M by the formula
The equation from Lemma 3.1 implies then that
Conservative transverse fields
We start with a criterion for a smooth transverse field to be conservative. Let γ (t) be a parametrized curve and let n(t) be a transverse vector field.
LEMMA 4.1. The field of directions generated by n(t) is conservative if and only if [γ (t), n(t)] [γ (t), n(t)] dt = 0 (integral along the curve γ ).
Proof. Let τ be another parametrization of γ . Then
where the lower index denotes the derivative with respect to the corresponding variable. If n is conservative then it is proportional to γ τ τ for some parameter τ . Thus
and the integral of a derivative vanishes. Conversely, if the integral vanishes then
for some function f . Define a new parameter τ by setting t τ = exp f . Then
It follows that [γ tt t
Thus n is proportional to γ τ τ , and therefore, conservative.
Next we prove Theorem C(b). Let γ (t) be a parametrized curve. If every ray through
A reflects to a ray through B then the transverse field n(t) is uniquely determined, up to a factor, by the condition from Lemma 2.1:
If we decompose n(t) = u(t)(γ (t) − A) + v(t)(γ (t) − B) then u(t)[γ (t)−B, γ (t)][γ (t)−B, γ (t)−A]+v(t)[γ (t)−B, γ (t)][γ (t)−A, γ (t)−B] = 0.
Thus one may take
To apply Lemma 4.1 one computes
γ (t)][γ (t) − A, γ (t)]+[γ (t) − B, γ (t)][γ (t) − A, γ (t)],
and the integrand is a logarithmic derivative. Therefore n(t) is a conservative field. The parameter τ for which n is proportional to γ τ τ is given by the condition
identically in τ .
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Now we prove Theorem C(a). Let γ (t) be a parametrized curve with the transverse field γ (t). Then a ray from A reflects at point γ (t) to pass through B if and only if
Since a function has at least two critical points on a circle the result follows.
Finally we turn our attention to Theorem B. Suppose that there exists a formal invariant form along a boundary component of the phase annulus. According to Theorem A there exists a section i : L → M, where L is the formal neighbourhood of the boundary component of the phase annulus, such that F • i = i • T . The mapping i assigns a vector to a line.
In particular, a vector is assigned to every positive tangent line to γ . Consider the parametrization γ (t) such that these vectors are equal to the velocity vectors γ (t) at every point of the curve. This parametrization is canonically, up to an affine reparametrization, determined by the invariant form. We will show that this parametrization is the one in which the transversals are generated by the acceleration vectors γ (t).
We use the coordinates t, in L, related to t 1 , t 2 by the formulae:
is thought of as a small non-negative number). The section i is then a vector-function i(t, ) satisfying i(t, 0) = γ (t).
Consider the Taylor expansion of i in powers of :
Since i(t, ) is collinear with γ (t + ) − γ (t) one has
where f is a function, and Figure 15 .
By the law of projective billiard reflection the vector i(t − , ) + i(t, δ) is collinear with γ (t). Let δ(t, ) = a(t) + O(
2 ).
This vector is collinear with γ (t), thus FIGURE 15. and therefore a(t) = 1 identically. Hence
Introducing projective billiards
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δ(t, ) = + O( 2 ).
Finally one finds the transverse directions n(t). By the law of reflection, n(t) is collinear with i(t, δ) − i(t − , ). Using the above computation one obtains
Hence n(t) is collinear to γ (t), and the transverse field is conservative.
To conclude this section we indicate another approach to the proof of Theorem B. If an invariant form exists, one may apply the theory of interpolating Hamiltonians to the map T -see, for example, [MM] . According to this theory there exists a smooth function f (t, ) in a neighbourhood of the boundary component of the phase annulus which is T -invariant to infinite order in , and which vanishes on the boundary. Expanding the equation f (t − , ) = f (t, δ) in powers of one arrives at the same conclusions as before. We do not believe, however, that this method will yield any further necessary conditions for the existence of an invariant form along the boundary of the phase annulus. By Theorem A the map T has an invariant form ω = p −3 dα ∧ dp.
Centrally-projective billiards: outer billiards seen from within
Parametrize γ so that [γ (t), γ (t)] = 1 for all t. Then [γ (t), γ (t)] = 0,
so γ (t) is collinear with γ (t).
Since
. Introduce a new variable q by setting:
We use t = t 1 and q = q(t 1 , t 2 ) as new coordinates in L.
A direct computation, which we omit, makes it possible to rewrite the invariant form in coordinates t, q:
We know that γ (t) is proportional to γ (t) for all t. Introduce a function k(t) by γ (t) = k(t)γ (t), and let K(t) be its inverse derivative.
THEOREM 5.1. The generating function is given by the formula
Proof. It is convenient to introduce a function
Introducing projective billiards
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Denote by F 1 and F 2 the partial derivatives with respect to the first and the second variables. Since [γ (t), γ (t)] = 1, one concludes from Lemma 2.3 that
We know that q 1 = (1 + F 1 )/F . To find q 2 use the fact that, according to the law of reflection, the vector
is collinear with γ (t 2 ). One finds
One needs to check that H 1 = −q 2 1 and H 2 = q 2 2 . We check the first identity, the second one being analogous. One has
Now we discuss the relation between the centrally-projective billiards and the dual, or outer, billiards. Given a strictly convex closed smooth oriented curve γ , the dual billiard map T is a transformation of its exterior defined as follows. Let x be a point outside of γ ; draw the tangent line to γ from x, and let T (x) be the reflection of x in the tangency point y-see Figure 17 . Choose an origin O inside γ . The polar duality is a correspondence between points distinct from the origin and lines not through the origin: to a line l with coordinates (α, p), p > 0, there corresponds the point l * whose polar coordinates are (α − π/2, 1/p)-see Figure 18 . Polar duality preserves the incidence relation: if a point x lies on a line l then the dual line x * contains the point l * . Given a smooth curve γ , that is, a one-parameter family of points γ (t), the dual curve γ * is the envelope of the lines γ * (t). This relation is indeed a duality: γ * * = γ .
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FIGURE 18.
Extend the plane to the projective one, i.e. add the line l at infinity to it. Consider Figure 17 again. Denote by ∞ the intersection point of the line xy with the line l. Then the points x, y, T (x) and ∞ constitute a harmonic quadruple. Apply the polar duality to this configuration. The points x, y, T (x) and ∞ are transformed to lines, and these lines constitute a harmonic quadruple-see Figure 19 . One recognizes the centrally-projective billiard transformation. The dual billiard transformation preserves the standard area form in the plane given in polar coordinates by the formula r dr ∧ dα. Since r = 1/p one concludes that the centrally-projective billiard transformation preserves the form p −3 dα ∧ dp-a fact the reader is well familiar with by now.
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We conclude with an observation on a strange feature of 'geometrical optics' in the perverse 'centrally-projective world'.
Given a point-like source x consider the propagation of light along rays from x with the velocity equal to the inverse signed distance from the line to the origin O (this unusual law of propagation agrees with the discussion at the beginning of this section). Denote by t (x) the time-t front, that is, the set of points reached by light at time t. By elementary geometry, t (x) is the line parallel to Ox at distance t/|Ox| from the origin-see Figure 20 . Therefore t (x) is obtained from x by the polar duality composed with the π/2 rotation about the origin and the dilation with the coefficient t. More generally, given a curve γ , define its time-t front t (γ ) as the envelope of the t-fronts of its points. t (γ ) is thus obtained from the polar dual curve γ * by the π/2 rotation and the t-dilation. Therefore the fronts satisfy the following evolution property.
THEOREM 5.2. s ( t (γ )) is the curve, homothetic to γ with respect to the origin with the negative coefficient −s/t.
In particular, given a point x, all the lines s (y) for y ∈ t (x) pass through one point. The centrally-projective geometrical optics is indeed worlds apart from the usual one!
